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Abstract

The ability of manipulating 
exible objects, such as
rubber belts and paper sheets, is important in auto-
mated manufacturing systems. This paper describes a
novel approach to assembly of 
exible objects. The op-
eration dealt with in this paper is to assemble a rubber
belt with �xed pulleys. By analyzing possible states of
the belt based on the empirical knowledge of the belt,
we can derive a method to have not only the action
planning but also the visual veri�cation planning. We
have implemented a belt assembly system using the two
manipulators and a laser range �nder as the sensor,
and succeeded in performing the belt-pulley assembly.
Extension of our approach to other kinds of assembly
of 
exible objects is also discussed.

1 Introduction

Many manufacturing processes involve assembly of


exible objects such as rubber belts and paper sheets.

There is a need for the ability of manipulating 
exible

objects to realize automated manufacturing systems.

Past research on this subject can be roughly divided

into two approaches: development of task-speci�c sys-

tems [1] [8] [9] and development of analytical models

of 
exible objects [2] [10] [11]. Development of a task-

speci�c system is di�cult. Construction of analytical

models of 
exible object is also hard; in addition, its

algorithmic implementation is computationally expen-

sive.

On the other hand, a human can relatively easily

manipulate 
exible objects without explicit analytical

models of the objects. We attribute this mainly to the

following two human abilities: the ability of problem
abstraction and the ability of e�cient sensory feed-
back.

The ability of problem abstraction plays an impor-

tant role in human problem solving [6]. In the case of

assembly of 
exible objects, by capturing qualitative

behavior of 
exible object based on empirical knowl-
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edge of the object, a human can segment a continuous

problem space into a set of discrete states. By reason-

ing in this abstract state space, a feasible plan is then

obtained e�ciently.

Sensory feedback is also important for successful

manipulation of 
exible objects (e.g., [4]). The abil-

ity to focus attention is essential to realizing e�cient

and robust sensor-guided manipulation. The more re-

strictive constraints we have on the possible state of a

manipulated 
exible object, the more e�ciently sensor

data can be collected.

Based on the conjecture of the human abilities, we

propose a novel approach to assembly of 
exible ob-

jects. The operation dealt with in this paper is to

assemble a rubber belt with �xed pulleys (see Fig.

1). Fingers (a parallel-jaw gripper or a auxiliary rod

�nger) and visual sensors are used for the operation.

The shape and the position of pulleys and other solid

objects are described in a CAD-based world model.

We assume a rubber belt is 
exible enough in the ax-

ial direction to be streched up to a necessary extent.

We call this problem the belt-pulley problem. We will

show that by introducing an appropriate constraint

on the possible state of the belt, the original complex

belt-pulley problem can be signi�cantly simpli�ed in

terms of both action planning and visual veri�cation

planning.
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Fig. 1: The belt-pulley problem.



2 Constraint for Simplifying the Prob-

lem

This section introduces a constraint for simplifying the

belt-pulley problem. We use the following empirical
knowledge about the rubber belt:

\If a belt is pulled taut by �ngers and/or

pulleys, the belt is stationary and the shape

and the position of the belt is uniquely de-

termined from the shape and the position of

the �ngers and/or pulleys."

We call the above state a stable state. The condition
that a state is stable is represented by

X

i

li > lthresh; (1)

where li is the length of the ith part (between the

ith and the i + 1th pulley or �nger), lthresh is the

predetermined threshold (see Fig. 2). The threshold

is determined according to the length of the belt when

no pulling force is imposed on it.

Based on this knowledge, we introduce the following

constraint:

\A belt is manipulated via stable states only."

This constraint signi�cantly simpli�es the problem in

the following two points:

(1) Search space of actions becomes small enough to
be tractable.
By introducing the notion of state, the planning prob-

lem can be decomposed into two levels: state transi-

tion planning and trajectory planning between states.

By solving these problems hierarchically, the search

space is greatly reduced [3] [6].

(2) Visual veri�cation planning becomes easier.
Since the shape and the position of the belt is uniquely

determined from the position of �ngers and pulleys in

a stable state, exploratory visual sensing is unneces-

sary. The only task of the vision system is to verify if

the shape and the position of the belt are as desired.

Under the above constraint, the belt-pulley prob-

lem is decomposed into the following three subprob-

lems:

� �nd the sequence of state transitions from the ini-

tial state to the goal state (see Section 3);

� �nd the appropriate trajectories of �ngers for the

given state transition (see Section 4); and

i
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Fig. 2: A stable state.
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� �nd the appropriate visual veri�cation plan to en-

sure the state transition (see Section 5).

If the initial state is not a stable state, we treat

that state as an exception. We assume that a certain

procedure to move from the initial state to some stable

state is given in such a case.

3 High-Level Planning: Generating

Candidates for State Transition Se-

quences

The high-level planner generates the candidates for

state transition sequences from the initial stable state

to the goal state.

3.1 State Representation

In this level of planning, we represent the state

qualitatively; we consider only two properties of pul-

leys and �ngers: one is the qualitative position (order)

of a pulley (or a �nger) in the top view; the other is if

a pulley (or a �nger) is inside the belt.

Let Pi (i = 1; : : : ;m) and Fi (i = 1; : : : ; n) denote
the ith pulley and the ith �nger, respectively. A state

is represented by listing clockwise the symbols of pul-

leys or �ngers which are touching the belt. If a pulley

or a �nger is outside the belt, the superscript \�" is

attached to the symbol. For example, the state shown

in Fig. 3 is represented as P1F1F2F
�

3
. Any symbol

in the list can be the starting one; all of its cyclic

permutations are equivalent.

3.2 Operators

We then de�ne operators to describe the transition

between states. We currently use the following eight

operators (Fig. 4 explains some of them):

� ADD-FINGER-INSIDE(x; y; z): �nger x enters

the inside of the belt and touches the belt at the

position between y and z (see Fig. 4(a)).

� ADD-PULLEY -INSIDE(x; y; z): pulley x enters

the inside of the belt and touches the belt at the

position between y and z (see Fig. 4(b)).

� ADD-FINGER-OUTSIDE(x; y; z): �nger x ap-

proaches the belt from the outside and touches

it at the position between y and z.
� ADD-PULLEY -OUTSIDE(x; y; z): pulley x ap-

proaches the belt from the outside and touches it

at the position between y and z.
� REM -FINGER-INSIDE(x): �nger x inside the

belt detaches from the belt and exits to the out-

side.

� REM -PULLEY -INSIDE(x): pulley x inside the

belt detaches from the belt and exits to the out-

side.

� REM -FINGER-OUTSIDE(x): �nger x detaches

from the belt.

� REM -PULLEY -OUTSIDE(x): pulley x detaches

from the belt.



top view

side view

(a) operator ADD-FINGER-INSIDE

top view

side view

(b) operator ADD-PULLEY -INSIDE

Fig. 4: Examples of operators for state transition. Black

lines indicate the belt; black �gures indicate �ngers moved;
shaded �gures indicate pulleys or stationary �ngers.

3.3 Generation of Candidate State Tran-
sition Sequences

The high-level planner generates candidates of op-

erator sequences which can move from the initial state

to the goal state. By combining the forward breadth-

�rst search from the initial state and the backward

breadth-�rst search from the goal state, the planner

searches for the minimum-step plans. Since the feasi-

bility of each high-level plan cannot be decided with-

out taking care of low-level details such as genera-

tion of collision-free trajectories, the high-level planner

generates all possible candidates of high-level plans,

and then passes them to the low-level planner. If none

of them is found to be feasible by the low-level plan-

ner, the high-level planner will generate the second-

shortest plans and passes the new plans to the low-

level planner again. This �nal step is repeated until

the satisfactory �nal plan is generated.

pulleys fingers

1P
2P 1F

2F

Fig. 5: Pulleys and �ngers used in an example problem.

initial state goal stateF1P1 P2P1

Fig. 6: The initial and the goal states.

3.4 Example

Suppose we have two pulleys (P1 and P2) and two

�ngers (F1 and F2) as shown in Fig. 5. Also, let

the initial state and the goal state be P1F1 and P1P2,
respectively (see Fig. 6).

The result of search is represented as a directed

graph, which includes the initial state, the goal state,

and several transitional states. We call this graph a

transition graph. Each possible path connecting the

initial and the goal states represent a candidate plan

of state transition.

Fig. 7 shows a transition graph representing the

shortest plans obtained by the high-level planner; the

number of steps is two; there are two candidate plans.

If neither of the plans is found to be feasible by the

low-level planner, the second-shortest plans are gen-

erated. Fig. 8 shows a transition graph representing

the second-shortest plans; the number of steps is four;

there are twelve candidate plans.
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Fig. 7: Transition graph for the shortest plans of state
transition. Applied operators are indicated at the bottom.
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Fig. 8: Transition graph for the second-shortest plans

of state transition. Applied operators are indicated at the

bottom.



4 Low-Level Planning: Generating

Finger Trajectory

The low-level planner generates trajectories of �ngers

based on the state transition sequence obtained in the

high-level planning.

4.1 Representation of Trajectory and
Constraints on Trajectory Generation

We discretize the 3-D space for simplicity of tra-

jectory generation. We �rst vertically divide the 3-D

space in which �ngers moves into slices of horizontal

2-D space. We then divide each 2-D space into a set

of square grids and check the possibility of collision

at the center of each grid. A trajectory consists of a

series of the grids traversed. We currently limit the

movement of a �nger to those which are composed of

movements parallel to grid axes.

A trajectory generator is prepared for each oper-

ators listed in Section 3.2. Each state transition in-

dicated by an operator can be decomposed into sev-

eral consecutive steps. For example, ADD-FINGER-
INSIDE(x; y; z) roughly takes the three steps shown

in Fig. 4(a): move a �nger above the region formed

by the belt; lower the �nger below the height of the

belt; and pull the belt outward. To realize each step,

a certain con�guration of �ngers should be achieved.

Thus, in trajectory generation for a state transition,

such a con�guration is determined �rst. Then, actual

trajectories connecting consecutive con�gurations are

generated by considering the following two conditions:

� A �nger must not collide with other �ngers, pul-

leys or other objects.

� If a �nger is touching the belt, it must move so

that the belt is at the current stable state (i.e.,

equation (1) is satis�ed) at any moment of the

�nger movement.

Before generating a trajectory, a set of grids is enumer-

ated which satis�es the above two conditions. Then,

from this set and the possible position set of the inter-

mediate states, a feasible sequence of grids is collected

as the �nal trajectory.

If no feasible sequences of grids can be obtained, the

current sequence of state transition, which is given by

the high-level planner, is considered to be infeasible.

4.2 Example

Suppose we are generating a trajectory for ADD-
FINGER-INSIDE(F2; P1; F1) with the initial state

P1F1. Fig. 9 shows the state before the transition.

Fig. 10 shows the area where F2 does not collide with

other objects. Fig. 11 shows the feasible con�gura-

tions of F2 to realize the above-mentioned three steps

in this state transition; position set PS-1 indicates the
area where F2 can enter the inside of the belt from the

above; position set PS-2 indicates the area where the

stable state P1F2F1 is realized. Considering these ar-

eas, the �nal trajectory for this operator is determined

as shown in Fig. 12.

belt

1P

2F

2P

1F

work area
 of fingers

Fig. 9: An example state P1F1 before the transition.
The belt is over the pulley P2. Predetermined grids are

indicated with dotted lines.

Fig. 10: Shaded grids indicate the position where F2 does

not collide with other objects.

initial belt position

position set PS−1

position set PS−2FN2initial position of 

Fig. 11: Two position sets: PS-1 for inserting the F2
inside the belt, PS-2 for achieving the stable state P1F2F1.

move

down

move

Fig. 12: A generated trajectory of F2 for ADD-

FINGER-INSIDE(F2; P1; F1).



5 Visual Veri�cation Planning

Vision is used for the following two purposes:

� verify that a state transition has been accom-

plished; and

� verify that the precondition for a state transition

is established.

For the veri�cation of completion of a state transi-

tion, the position of a certain part of the belt is mea-

sured where some change should occur, and is com-

pared with the desired position. If a pulley or a �nger

is added, the part of the belt corresponding to either

side of that added pulley or �nger is examined (see

Fig. 13(a)). If a pulley or a �nger is removed, the

part of the belt around the position where that re-

moved pulley or �nger was touching is examined (see

Fig. 13(b)). The visual veri�cation planner generates

a region of interest to be examined; we call this region

a veri�cation window. At execution time, the visual

sensor is placed so that the part of the belt inside the

veri�cation window can be observed, and so that the

sensor does not collide with other objects. Only the

two-dimensional position is enough for this veri�ca-

tion.

added finger or pulley

candidates for
verification window

(a) veri�cation of add operation

verification window

finger or pulley
 to be removed

(b) veri�cation of remove operation

Fig. 13: Veri�cation windows.

The state transitions that require the veri�cation of

precondition are ADD-PULLEY -INSIDE(x; y; z) and
ADD-PULLEY -OUTSIDE(x; y; z). In order to cor-

rectly set the belt into the ditch of the pulley, the

height of the belt needs to be adjusted as shown in

Fig. 14. For this purpose, several parts of the belt

which are supported by �ngers are examined (see Fig.

15). Since the position of the pulleys is known in ad-

vance, we can calculate the desired position of the belt.

At execution time, adjustment of the belt height with

visual information is repeated until the precondition

shown in Fig. 14 is satis�ed.

top view side view

beltpulleypulley
belt

Fig. 14: The height of the belt needs to be adjusted to

the height of the pulley before mating.

finger 

candidates for
verification window

pulley to be added
(inside or outside)

Fig. 15: Candidate veri�cation windows for checking pre-

condition.

assembly
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Fig. 16: Experimental setup.

move 
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measured
points
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Fig. 17: A strategy

to observe the belt po-
sition.

6 Experiment

6.1 Experimental Setup

Fig. 16 shows the experimental setup. Three over-

head modules in the RobotWorld [7] are used for the

parallel-jaw gripper (F1), the rod �nger (F2), and the

line laser range �nder [5]. In the �gure, a model of cas-

sette tape recorder is being assembled. The assembly

process of the tape recorder includes the belt-pulley

problem, which is the focus of this paper.

In order to calculate the position of the belt, several

points on the belt are measured while the range �nger

moves horizontally as shown in Fig. 17, and a line is

�tted to the measured points.
1
We can calculate the

three-dimensional equation of the line.

6.2 Generated Plan and Actual Sequence
of Operations

The plan for the problem shown in Fig. 6 is gener-

ated as follows.

1In stable states, the portion of the belt between pulleys and

�ngers is always a straight line.



The low-level planner �rst examined the fea-

sibility of two-step plans shown in Fig. 7,

and found that neither of two operators ADD-
PULLEY -INSIDE(F1; P2; P1) and ADD-PULLEY -
INSIDE(P1; P2; F1) is applicable to the initial state

(P1F1) because pulley P2 is too large to enter the in-

side of the belt formed by P1 and F1 without touching

the belt. Then, the low-level planner examined the

second-shortest plans, i.e., plans shown in Fig. 8 and

found four out of twelve candidates for state transition

sequences were feasible.

Fig. 18 shows the generated plan of �nger move-

ment and visual veri�cation from one of four fea-

sible sequences, P1F1 ! P1F2F1 ! P1F2P2F1 !

P1F2P2 ! P1P2. Due to the collision possibility, fea-

sible veri�cation windows for the second state tran-

sition (ADD-PULLEY -INSIDE(P1; F2; P2; F1)) could

not been obtained. Instead, we considered that the

veri�cation for the next (third) transition (REM -
FINGER-INSIDE(F1)) also veri�ed the second tran-

sition. Fig. 19 shows the actual process of the op-

eration; the belt was successfully set around the two

pulleys. The trajectory in the operation from the ini-

tial unstable state (F1) to the initial stable state (P1F1)

was designed manually
2
, although the visual veri�ca-

tion was planned by the low-level planner. Fig. 20

shows another successful belt-pulley operation.

7 Conclusion and Discussion

This paper has presented a novel approach to assem-

bly of 
exible objects without analytical models of the

objects. We dealt with the belt-pulley problem as an

example. By introducing the notion of stable state
and by restricting the possible states of the belt to

stable ones, the original complex problem was signi�-

cantly simpli�ed in terms of both action planning and

visual veri�cation planning. We have implemented an

experimental system that succeeded in assembling a

belt with pulleys.

Our approach might be applicable to other assem-

bly processes which involve manipulation of 
exible

objects. By abstracting the problem using appropri-

ate constraints on the original problem, a feasible plan

could be e�ciently generated in a hierarchical way.

Finding appropriate constraints is, however, a hard

problem. Although we were able to easily �nd what

constraint to use in the belt-pulley problem, that con-

straint will not work for other problems. Nevertheless,

by observing human manipulating a 
exible object,

we believe we can learn some ideas about what con-

straint to use. When we manipulate a 
exible object,

we usually keep the manipulated object in some sort

of stable state so that we can easily visually guide the

manipulation. For example, when we hook a cord on a

nail, we hold the cord at two points with �ngers, and

move the cord downward by keeping the relative dis-

2If we have more than two �ngers and a rubber belt is ini-

tially stable, we can generate a plan composed only of stable

states for any problems.

tance between the two hands almost constant. In this

operation, the part of the cord between the two held

points can be easily visually located. This is because

the region where that part can exist is su�ciently con-

strained by its length and the position of the hands.

That part of the cord is considered to be in a stable

state. Once we have collected enough constraints to

describe a whole assembly sequence in a discrete state

space, we could then automatically generate a plan

for that assembly process without analytical models

of the manipulated 
exible objects.
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Fig. 18: Final plan: (a) ADD-FINGER-INSIDE(P1; F2; F1) is realized by moving F2, lowering F2 and moving back

F2. (b) The �rst part of ADD-PULLEY -INSIDE(F2; P2; F1) is realized by moving and lowering F1 and F2 so that P2
enter the inside of the belt. The height of the belt is adjusted by observing two parts of the belt. (c) The second part

of ADD-PULLEY -INSIDE(F2; P2; F1) is realized by rotating and moving F1. (d) REM -FINGER-INSIDE(F1) is

realized by moving F1 and opening the parallel gripper. (e) REM -FINGER-INSIDE(F2) is realized by moving F2.
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Fig. 19: A successful belt-pulley operation. State transition is explained on the right side.
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Fig. 20: Another example.


